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1. Introduction.
Let M be a bounded domain in R3 with smooth boundary dλf. Let w be
a point in M. We remove ball B
ε






Fix pe(l2). We fix &>0. We put






l u = Q on dM and w>0 in Λf
ε





,ε We see that there exists at least one solution v
ε
 of the above
problem which attains (l.l)
ε
. We know that v
ε



















 denotes the derivative





 denote the set of positive function u
ε
 which attains the minimum of (1.1).
Main result of this paper is the following











Related topics are discussed in Lin [1], Ozawa [4].
2. Preliminary Lemmas.
We have the following Lemma 2.1.
Lemma 2.1. Consider the following equations.
(2.1) Δ*
ε










) = α(ω) x = w + εω e dB
ε
.





for any σ>\. Here C may depend on σ but independent of ε. Here r = |jc — w\.
Proof. Let ΔS2 denote the Laplace-Beltrami oporator on S
2
. It is well known
that -n(n + V) is an eigenvalue of ΔS2 whose multiplicity is (2n + 1). We can write it
explicitly by using the Legendre polynomial but we do not do it. We write
complete orthonomal basis of L2^2) consisting of eigenfunction by (φ^ω)}^^ If
Δφ, (ω)= -n(n + l )φ/ω), then we write j asye(«). Thus, #{/;ye(/i)} =
First we want to construct a solution of (2.1), (2.3).
We put
Then,
Δv*(x) = 0 in R3\B
ε
.
We expand α by φj(ώ) as
n = 0je(n)






We notice that we have
(2.5)
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for je(n) by the property of Legendre and associated Legendre polynomial. See
Mizohata [2, ρ.312].
By the Schwarz inequality we have




\n = 0 J
If we take σ>l, then
^l2(2.6)
Here we note that ||α||2H2(52) is equivalent to I Σ (n + 1)4 Σ a}* \ since the eigenvalue
\π = 0 je(n) ' /
of — ΔS2 is n(n + \\ We used representation of norm of fractional Sobolev
space. Notice that C"72^2) c Hσ/2(S2) for σ<σ'.
Now y*(x) does not satisfy y*(jc) = 0 on dM.
By the same procedure as in the repeated construction of the function 4Π) ^n
Proposition 1 of Ozawa [3] we proved Lemma 2.1.
The following Lemm is very useful.
Lemma 2.3. There exists an extension operator
E : Hl(M
ε
) 3 u -> Eu = u e Hl(M) satisfying the fallowings',
(2.9) u(x) = u(x) a.e. M
ε










for any ueHl(MJnL'(MJ with
holds for any
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ε/2, ηg = 0 on Bε/4 and
\Vη
ε
\<Sε~l. Notice that both η
ε
(ε2x\x\~ 2) and (V^Xε2*!*!"2) vanish on R3\B4ε.
Then, by using the Kelvin transformation of co-ordinates, y=ε2x\x\~29 we have















< Cε4 \u(y)\2\y\ ~ 6dy + C \Vu\2dy.
ί
By Holder's inequality, we see that
I (M) (2<^<oo)*wι \y\ uy^ \M l , - , , , , . -c I C7ε~ M (s— ooi
Thus, we get Lemma 2.3.
3. The Green function.
Let G(x,y) be the Green function of the Laplacian in M under the Dirichlet









when w=(w1,w2,w3) is an orthonomal frame of R3.
Here we put
where
y = lim (G(x9 w)—(4π) ~* \x — w\
and
We put


























































4. Proof of Theorem 1.





Lemma 4.1. Fix pe (1,2). Then,
(4.2)








Here ύp(x) is the extension of up to M which is zero outside M
ε
.
We have \Gup(w)\<C\\up\\tιε<Cf\\uε\\ppιε for any />(3/2). Notice that we can










where r=(/?-f !)/(!+ τ). Thus, it does not exceed ε||M
e
||^>ε, since 2r<3, if we take
/?e(l,2) and τ<l as close as 1.
Lemma 4.2. Fix />e(l,2). Then,
(4.3) lαMfl^Cε
holds for q>69 q>μ.
Proof. By Lemma 2.1 we see that
(4.4) \QJ(x)\ < Cε2r- l ||G/||
cl+(σ
is zero outside M
ε
.
for #>3/(l-(σ/2)). We take σ>l as close as 1.
Then, we have











We take μ<q as close as q and q>6 as close as 6. Ύhen,pq—μ<6 for/?e(l,2).
On the other hand we have
by the Sobolev embedding theorem using pq—μ<6. Here u
ε
 is an extension of
w
ε
 in Lemma 2.3 which is different from ύ
ε
. It should be noted, since λ(ε) is difined
as an infimum of a functional so that it is easy to see that lim supA(ε) < oo. Therefore,
by taking s=2 in Lemma 2.3. Since u
ε
 is a minimizer of (1.1) and
we see that
Therefore,
Therefore, we get the desired redult.
Proof of Theorem 1. We put f=Klloo.β
By Lemma 4.1 and 4.2 we get
Since /?e(l,2), we can take μ<q as close as q so that 1— p + (μ/q)>0. We take
τ<l. Therefore, ξ<C". We get the desired result.
References
[1] S.S. Lin: Semilinear elliptic equations on singularly perturbed domains, Commun. in Partial Diff.
Equations., 16, 617-645 (1991).
NONLINEAR EIGENFUNCTION 371
[2] S. Mizohata: Theory of Partial Differential Equations (in Japanese), Iwanami, Tokyo 1965.
[3] S. Ozawa: Spectra of domains with small spherical Neumann boundary, J. Fac. Sci. Univ. Tokyo Sec
IV 30, 53-62 (1983).
[4] S. Ozawa: Singular variation of the ground state eigenvalue for a semilinear elliptic equation,
Tόhoku Math. J. 45, 359-368 (1993).
Department of Mathematics
Faculty of Science, Tokyo Institute of Technology
Oh-okayama, Meguro-ku Tokyo 152, Japan

